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E-mail address: xusipeng@ouc.edu.cn (S. Xu).In this paper, a general solution for three-dimensional transversely isotropic piezoelectric-
ity in terms of four quasi-quadri-harmonic functions is established ﬁrst. Owing to complex-
ity of the higher-order equation, it is difﬁcult to obtain rigorous analytic solutions and in
most cases this general solution is not applicable. By virtue of the generalized Almansi’s
Theorem, the simpliﬁed generalized LHN solution and E–L solution expressed by lower
order functions are achieved, respectively, by taking a decomposition and superposition
technique. In the absence of piezoelectric coupling, these two simpliﬁed general solutions
can be degenerated into those for transversely isotropic elasticity, i.e. LHN and E–L solu-
tions. More importantly, the completeness of these two generalized solutions is proved if
the domain is z-convex, no matter whether the characteristic roots are distinct or possibly
equal to each other.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
Because of its speciﬁc characteristics, the piezoelectric material is now widely used in making all kinds of sensors, actu-
ators and other devices. This motivated the investigations of piezoelectric material in the ﬁelds such as fracture mechanics,
laminated structures and so on (Ding et al., 1996). Because of their crucial role in solving problems such as void, inclusion
and various three-dimensional cracks, the general solutions for three-dimensional piezoelectricity merit a lot of attention
and were studied in great detail (Wang and Zheng, 1995). Some of them can be found in the references Ding et al.
(1996), Ding and Chen (1997), Wang and Zheng (1995), Dunn and Wienecke (1996) and Karapetian et al. (2000). Besides,
Chen (2000) presented a general solution for dynamic problems of transversely isotropic piezothermoelastic materials. How-
ever, it is worth while pointing out that the proofs of the completeness of those general solutions have not been provided
there.
More recently, we constructively obtained a general solution for anisotropic piezoelectricity and proved its completeness
and non-uniqueness (Xu and Wang, 2006).
It is the purpose of this paper to continue our previous work to present a systematic method for the derivation of general
solutions for three-dimensional transversely isotropic piezoelectricity, which are similar in form to Lekhnitskii–Hu–Nowacki
(LHN) (Lekhnitskii, 1940; Hu, 1951; Nowacki, 1954) and Elliott–Lodge (E–L) (Elliott, 1948; Lodge, 1955) solutions for trans-
versely isotropic elasticity and which will be called generalized LHN and E–L solutions, respectively. In the absence of pie-
zoelectric coupling, these two general solutions can be degenerated into those for transversely isotropic elasticity, i.e. LHN. All rights reserved.
.
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uniqueness of the general solution.
The method used in this paper is obtained by extending our previous work (Wang et al., 1994; Wang and Wang, 1995;
Wang and Shi, 1998) from transversely isotropic elasticity to transversely isotropic piezoelectricity.
2. Governing equations and its general solution
Hereafter, the piezoelectric material is assumed, for simplicity, to possess the material symmetry of 6 mm. Now introduce
a rectangular coordinate system ðx; y; zÞ, so that the x y plane coincides with the isotopic plane of the medium, while z-axis
is along the axis of transverse isotropy, parallel to the poling direction. In the absence of body force and density of free
charges, the governing differential equations can be expressed in terms of the displacements and electric potential as follows
in the form of matrix equation.AU ¼ 0; ð1Þ
in which the vector U ¼ ½u; v;w;/T (the superscript T denotes the transpose) denotes the displacements and electric poten-
tial, while A is a 4 4 differential operator matrixA ¼
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; ð2Þwhere r2 ¼ o2ox2 þ o
2
oy2is the planar Laplace operator and a1 ¼ c12þc66c66 , a2 ¼
c44
c66
, a3 ¼ c13þc44c66 , a4 ¼
c33
c66
, b1 ¼ e15þe31c66 , b2 ¼
e15
c66
, b3 ¼ e33c66,
c1 ¼  e11c66, c2 ¼ 
e33
c66
, in which cij, eij and eij are the elastic stiffness, piezoelectric and dielectric constants, respectively.
The purpose of this paper is to determine the general solution of Eq. (1). To this end, we introduce the determinant of A
represented by L,L ¼ ar20r21r22r23; ð3Þ
where a ¼ a2ða4c2  b23Þ, r20 ¼ r2 þ 1s20
o2
oz2, r2i ¼ r2 þ 1s2
i
o2
oz2 ði ¼ 1;2;3Þ. The constant s20 ¼ 1a2, and the three others s2i are the
characteristic roots of the algebraic equationas6  bs4 þ cs2  d ¼ 0; ð4Þ
among them there always exists a real one, and the rest two are either positive real or a pair of conjugate complex with po-
sitive real parts (Ding et al., 1996; Wang and Zheng, 1995). The constants in Eq. (4) are deﬁned byb ¼ a2a4c1 þ ½a22  a23 þ ða1  1Þa4c2  ð1þ a1Þb23  2a2b2b3 þ 2a3b1b3  a4b21;
c ¼ ½a22  a23 þ ð1þ a1Þa4c1 þ ð1þ a1Þða2c2  2b2b3Þ  a2ðb21 þ b22Þ þ 2a3b1b2;
d ¼ ð1þ a1Þða2c1  b22Þ:Assume the adjoint matrix of A is B ¼ ½Bij and its components are in detailB11 ¼ ar21r22r23  er2a1r2a2
o2
ox2
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B14 ¼ B41 ¼ ða3b2  a2b1Þr20r2c
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ð5Þwhere r2ai ¼ r2 þ 1s2ai
o2
oz2 ði ¼ 1;2Þ, in which s2ai are the two roots of the algebraic equation
es4  fs2 þ g ¼ 0;
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f ¼ ða1a4  a23Þc1  a1ða2c2  2b2b3Þ þ a2b21  2a3b1b2;
g ¼ a1ða2b4  b22Þ:Additionally, we denote r2b ¼ r2 þ b1b3a3c2b1b2a3c1 o
2
oz2, r2c ¼ r2 þ a3b3a4b1a3b2a2b1 o
2
oz2, r2d ¼ r2 þ a21þa1 o
2
oz2, r2e ¼ r2 þ c2c1 o
2
oz2, r2f ¼ r2 þ b3b2 o
2
oz2,
r2g ¼ r2 þ a4a2 o
2
oz2. In virtue of Lemma A.1 in Appendix A, we arrive at a general solution for three-dimensional transversely
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w ¼ ð1þ a1Þr20r2dðc1r2eu3  b2r2f u4Þ













/ ¼ ð1þ a1Þr20r2dða2r2gu4  b2r2f u3Þ













ð6Þin which uiði ¼ 1;2;3;4Þ satisfy the following quasi-quadri-harmonic differential equationsr20r21r22r23ui ¼ 0: ð7Þ
It should be mentioned that the preceding general solution is complete in any limited domains with no loss of generality
(see Lemma A.1). However, since this general solution is somewhat complicated, it is difﬁcult to obtain rigorous analytical
solutions and in most cases the general solution is unfeasible, which motivates us to derive more concise and practicable
general solutions.3. Generalized LHN solution
Let G be the region of a piezoelectric body. If the domain G is z-convex (The boundary of Gmust have at most two points of
intersection with any straight line parallel to z-axis.), we have the following general solution. (Its derivation is accomplished











½ðb1b2  a3c1Þr2bF1 þ ða3b2  a2b1Þr2c F2;










ð8Þwhere the functions w0, Fiði ¼ 1;2Þ satisfyr20w0 ¼ 0;r21r22r23Fi ¼ 0; ð9Þ
respectively. The preceding general solution has not been reported. It is similar in form to Lekhnitskii–Hu–Nowacki (LHN)
solution of transversely isotropic elasticity (Lekhnitskii, 1940; Hu, 1951; Nowacki, 1954) and which will be called general-
ized LHN solution. In fact, for transversely isotropic elasticity, this general solution can be degenerated to LHN solution. At
this stage, piezoelectric coupling is absent, i.e. eij ¼ 0, then Eq. (8) reduces to












w ¼ ð1þ a1Þc1r2br2dF1;
/ ¼ ð1þ a1Þa2r21r22F2;
ð10Þin which r2b ¼ r2 þ c2c1 o
2
oz2 ¼ r23, while s2i ði ¼ 1;2Þ are the roots of the following algebraic equation





















, and the function F satisﬁes the following quasi-biharmonic equationr21r22F ¼ 0: ð13Þ





/ ¼ 0; ð14Þwhich is the equation that the electric potential must satisfy in dielectric problems. For generalized LHN solution (8), we have
Theorem 1. Assume the domain is z-convex, the generalized LHN solution is complete.
Proof of Theorem 1. With non-uniqueness of general solution in mind (Lemma A.2), specially, taking h ¼ ½0;0;h3;0T in Eq.


















ð15Þwhere the function h3 satisﬁesr20r21r22r23h3 ¼ 0:  ð16Þ
By virtue of the generalized Almansi’s Theorem (Ding et al., 1996), the following theorem can be proved strictly (Wang and
Wang, 1995; Wang and Shi, 1998).





Case (1) ~ui ¼ ~uð0Þi þ ~uð1Þi þ ~uð2Þi þ ~uð3Þi , r2j ~uðjÞi ¼ 0ði ¼ 1;2,j ¼ 0;1;2;3Þ, when s20 6¼ s21 6¼ s22 6¼ s23;
Case (2) ~ui ¼ ~uð0Þi þ z~uð1Þi þ ~uð2Þi þ ~uð3Þi , r20 ~uðjÞi ¼ 0 ði ¼ 1;2, j ¼ 0;1Þ, r2j ~uðjÞi ¼ 0 ði ¼ 1;2, j ¼ 2;3Þ, when s20 ¼ s21 6¼ s22 6¼ s23;
Case (3) ~ui ¼ ~uð0Þi þ z~uð1Þi þ z2 ~uð2Þi þ ~uð3Þi , r20 ~uðjÞi ¼ 0 ði ¼ 1;2, j ¼ 0;1;2Þ, r23 ~uð3Þi ¼ 0 ði ¼ 1;2Þ, when s20 ¼ s21 ¼ s22 6¼ s23;







¼ 0 ðj ¼ 0;1;2;3Þ: ð18Þ
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ð21Þwhere r0 ¼ ix0 þ jy0 þ kz0 is some point of the domain G, and r ¼ ixþ jyþ kz is any point of the domain G. Because of con-





¼  ~uðjÞ1 ;
of ðjÞ
oz
¼ gðjÞ; r2j f ðjÞ ¼ 0 ðj ¼ 0;1;2;3Þ: ð22ÞSetf ¼ f ð1Þ þ f ð2Þ þ f ð3Þ þ f ð4Þ; in case ð1Þ;
f ¼ f ð1Þ þ zf ð2Þ þ f ð3Þ þ f ð4Þ; in case ð2Þ;
f ¼ f ð1Þ þ zf ð2Þ þ z2f ð3Þ þ f ð4Þ; in case ð3Þ;
f ¼ f ð1Þ þ zf ð2Þ þ z2f ð3Þ þ z3f ð4Þ; in case ð4Þ:
ð23ÞIt follows from Theorem 2, Eqs. (22) and (23) that~u1 ¼  ofoy ; ~u2 ¼
of
ox
: ð24ÞFrom Eqs. (20), (22) and (23), we can also getr20r21r22r23f ¼ 0: ð25Þ













r20½ðb1b2  a3c1Þr2b ~u3 þ ða3b2  a2b1Þr2c ~u4;
w ¼ ð1þ a1Þr20r2dðc1r2e ~u3  b2r2f ~u4Þ  b1
o2
oz2
r20r2ðb1 ~u3  a3 ~u4Þ;
/ ¼ ð1þ a1Þr20r2dða2r2g ~u4  b2r2f ~u3Þ þ a3
o2
oz2
r20r2ðb1 ~u3  a3 ~u4Þ:
ð26ÞEq. (26) can be further simpliﬁed by settingw0 ¼ ar21r22r23f ; F1 ¼ r20 ~u3; F2 ¼ r20 ~u4: ð27Þ
Then functions w0, Fiði ¼ 1;2Þ satisfy Eqs. (9), and (26) changes into Eq. (8). Therefore, the generalized LHN solution (8) is
complete.4. Generalized E–L solution
To facilitate the applications of the general solution, with the help of the generalized Almansi’s Theorem, the quasi-tri-
harmonic partial differential Eq. (9) can be further decomposed, which yields the following general solution of Eq. (1). (Its
derivation is accomplished with the proof of Theorem 3.)




























ð28Þwhere wjðj ¼ 0;1;2;3Þ satisfy the following quasi-harmonic equations
r2j wj ¼ 0; ð29Þin whichk1j ¼
ð1þ a1Þc1  ½ð1þ a1Þc2 þ a2c1  b21s2j þ a2c2s4j
ða3c1  b1b2Þs2j þ ðb1b3  a3c2Þs4j
;
k2j ¼ 
ð1þ a1Þb2  ½ð1þ a1Þb3 þ a2b2  a3b1s2j þ a2b3s4j
ða3c1  b1b2Þs2j þ ðb1b3  a3c2Þs4j
:
ð30ÞNoticeably, the above result is identical with the one gained byWang and Zheng (1995) and Ding et al. (1996), Ding and Chen
(1997), although the approaches are quite different. Since this solution is similar in form to E–L solution of transversely iso-
tropic elasticity (Elliott, 1948; Lodge, 1955), we call it as generalized E–L solution. In fact it can also be degenerated to E–L
solution (the process can be referred to Ref. (Ding et al., 1996)).
In cases that s2i ði ¼ 1;2;3Þ are possibly equal to each other, we have the corresponding generalized E–L solutions (see also,
Ding and Chen, 1997).
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ð31Þwhere functions wiði ¼ 0;1;2;3Þ satisfy Eq. (29), while the coefﬁcients k14 and k24 are deﬁned ask14 ¼ 4a2c2s
2
1  2½ð1þ a1Þc2 þ a2c1  b21  ½a3c1  b1b2 þ 3ðb1b3  a3c2Þs21k11
a3c1  b1b2 þ ðb1b3  a3c2Þs21
;
k24 ¼ 2½ð1þ a1Þb3 þ a2b2  a3b1  4a2b3s
2
1  ½a3c1  b1b2 þ 3ðb1b3  a3c2Þs21k21
a3c1  b1b2 þ ðb1b3  a3c2Þs21
:








































ð33Þwhere functions wiði ¼ 0;1;2;3Þ satisfy Eq. (29), while the coefﬁcients k15 and k25 are deﬁned ask15 ¼ 6ða3c2  b1b3Þðk11 þ k14Þs
2
1  2ða3c1  b1b2Þk14  2½ð1þ a1Þc2 þ a2c1  b21  6a2c2s21
a3c1  b1b2 þ ðb1b3  a3c2Þs21
;
k25 ¼ 6ða3c2  b1b3Þðk21 þ k24Þs
2
1  2ða3c1  b1b2Þk24  2½ð1þ a1Þb3 þ a2b2  a3b1  6a2b3s21
a3c1  b1b2 þ ðb1b3  a3c2Þs21
:
ð34Þ
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Theorem 3. Assume the domain is z-convex, the generalized E–L solution is complete.
Proof of Theorem 3. According to the generalized Almansi’s Theorem, each solution of the quasi-tri-harmonic Eq. (9) can be
represented by the solutions of three quasi-harmonic equations. For the case of distinct s2i ði ¼ 1;2;3Þ, we can assume that
Fiði ¼ 1;2Þ has the following decompositionFi ¼ Fð1Þi þ Fð2Þi þ Fð3Þi ; ð35Þ
in which r2j FðjÞi ¼ 0.
By substituting of Eq. (35) into Eq. (8), and settingGðjÞ1 ¼
a3c1  b1b2
s2J







































½k2jðGðjÞ1 þ GðjÞ2 Þ:
ð37ÞFor further simpliﬁcation, setwj ¼ GðjÞ1 þ GðjÞ2 : ð38Þ
Then Eq. (37) becomes Eq. (28).
Now taking repeated roots of Eq. (4) into consideration. For the convenience of deduction, we introduce the following
notationsm1 ¼ b1b2  a3c1; m2 ¼ b1b3  a3c2; m3 ¼ a3b2  a2b1; m4 ¼ a3b3  a4b1;
n1 ¼ ð1þ a1Þc1; n2 ¼ ð1þ a1Þc2 þ a2c1  b21; n3 ¼ a2c2;
n4 ¼ ð1þ a1Þb2; n5 ¼ ð1þ a1Þb3 þ a2b2  a3b1; n6 ¼ a2b3;
n7 ¼ ð1þ a1Þa2; n8 ¼ ð1þ a1Þa4 þ a22  a23; n9 ¼ a2a4;






























































ð40ÞFor case (1), according to generalized Almansi’s Theorem, we haveFi ¼ Fð1Þi þ zFð2Þi þ Fð3Þi ; i ¼ 1;2; ð41Þ






FðjÞi ¼ 0: ð42ÞWith Eq. (42) in mind, we have
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:For further simpliﬁcation, just let wi ¼ MðiÞ1 þMðiÞ2 ði ¼ 1;2;3Þ, then Eq. (44) becomes Eq. (31).
For case (2), after performing the same manipulation as the preceding one, we can see Eq. (40) is exactly simpliﬁed into
Eq. (33).
Thus the proof of Theorem 3 is completed. h5. Conclusions
In this paper, a general solution for three-dimensional transversely isotropic piezoelectricity in terms of four quasi-quad-
ri-harmonic functions is established ﬁrst. Owing to complexity of the higher-order equation, it is difﬁcult to obtain rigorous
analytic solutions and in most cases this general solution is not applicable. By virtue of the generalized Almansi’s Theorem,
the simpliﬁed generalized LHN solution and E–L solution expressed by lower order functions are achieved, respectively, by
taking a decomposition and superposition technique. At each stage, the completeness of each general solution can be proved
in the case of convex regions in z-direction, no matter whether the characteristic roots are distinct or possibly equal to each
other. Therefore, we can conclude that the applications of generalized LHN and E–L solutions are restricted in z-convex do-
mains. While, for the general solution (6), because it is complete in any limited domains with no loss of generality, it can be
considered reliable as a basis for more general applications. Besides, in the case of vanishing of piezoelectric coupling, these
two generalized solutions can be degenerated into those for transversely isotropic elasticity, i.e. LHN and E–L solutions.
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Appendix A. (Xu and Wang, 2006)
The governing equations for anisotropic piezoelectricity can be expressed by operator matrixAU ¼ 0; ðA:1Þ
where A is a 4 4 matrixA ¼ ½cijklojol33 ½ejilojol31½ejklojol13 ½ejlojol11
 
; ðA:2Þ
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T. Based on a differential operator matrix method, we have
Lemma A. 1. Assume the vector u satisfyLu ¼ 0; ðA:3Þ
in which the operator L is the determinant of the matrix A, thenU ¼ Bu ðA:4Þ
is the solution of Eq. (A.1), and the solution is complete, where B is the adjoint matrix of A.
Lemma A. 2. The solution of Eq. (A.1) is non-unique. If u is replaced by~u ¼ uþ Ah; ðA:5Þ
where h satisﬁesLh ¼ 0: ðA:6Þ
Eqs. (A.3) and (A.4) remain valid.
If there are two kinds of expressions for U,U ¼ BuðiÞ; i ¼ 1;2; ðA:7Þ
then there exists vector h, which satisﬁesAh ¼ uð1Þ  uð2Þ; Lh ¼ 0: ðA:8ÞReferences
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